Discrete-Time Sliding Mode Controller Design with Weak Pseudo Sliding Condition  by Chang, Kuo-Ming & Zhu, Zhi-Hong
Ž .Journal of Mathematical Analysis and Applications 258, 536555 2001
doi:10.1006jmaa.2000.7387, available online at http:www.idealibrary.com on
Discrete-Time Sliding Mode Controller Design with
Weak Pseudo Sliding Condition
Kuo-Ming Chang1
Department of Mechanical Engineering, National Kaohsiung Uniersity of Applied Sciences,
Kaohsiung 80782, Taiwan
E-mail: koming@cc.kuas.edu.tw
and
Zhi-Hong Zhu
Institute of Aeronautics and Astronautics, National Cheng-Kung Uniersity,
Tainan 70101, Taiwan
Submitted by Firdaus E. Udwadia
Received November 8, 1999
In this paper, a discrete-time sliding mode control law is developed to guarantee
the existence of the weak pseudo sliding mode along the prescribed hyperplane.
Meanwhile, the upper bound of the sampling period is also determined in order to
ensure the stability of the controlled system. Finally, some simulation results are
given to illustrate the performance of the proposed discrete-time sliding mode
control scheme.  2001 Academic Press
1. INTRODUCTION
When the digital controller realizes the control law derived from the
traditional continuous-time sliding mode control theory, it will result in
some problems. Because the control signal is constant for every sampling
period and the sampling rate cannot be infinite, the ideal sliding mode
defined in the continuous-time system will not occur in the discrete-time
system even without external disturbances and parameter uncertainties. In
the discrete-time system, the ‘‘sliding’’ phenomenon of the system state at
1 To whom correspondence should be addressed.
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the sliding surface does not exist. Hence, the sliding surface only is thought
of as a switching surface. In contrast to the definition of a sliding surface
Ž .in the continuous-time system, the surface s k  0 is still regarded as the
sliding surface at the instant k. Moreover, the behavior of keeping the
Ž .system state at the neighborhood of the surface s k  0 is also called the
discrete-time sliding mode. In such a way, the invariance property of the
sliding mode to external disturbances and model parameter uncertainties
will not exist. It is replaced by that in which the system state comes and
Ž .goes from the neighborhood of the sliding surface chattering . A larger
sampling period may result in the system becoming unstable. Hence, the
appropriate selection for the sampling period is a considerable problem in
accomplishing the traditional continuous-time sliding mode control using
the digital controller.
Reducing the sampling period can let the behavior of the controlled
system be nearly the same as the predicted result of the traditional
continuous-time sliding mode control theory. It implies that the controlled
system can be convergent while the system state only approximates the
sliding surface. It is still a question how small the sampling period may be
reduced to such that the convergence of the controlled system is still
ensured.
 Sarpturk et al. 7 demonstrated that, even for discrete-time linear
dynamic systems, the straightforward extension of the continuous-time
sliding mode conditions might lead to unstable chattering about the
switching surface. Differing from the continuous-time sliding mode con-
trol, the discrete-time sliding mode control may not be robust in the
presence of uncertainties if the design philosophies for continuous-time
systems are extended to discrete-time systems. Unless special modifica-
tions are taken, the existence of the sliding mode cannot be guaranteed in
Ž  .the presence of uncertainties Zinober 11 .
In recent years, discrete-time sliding mode control has received signifi-
   cant attention 1, 2, 4, 5, 811 . Chen and Fukuda 1 proposed the theory
of the weak-pseudo-sliding mode to let the discrete-time system be conver-
 gent. Compared with the quasi-sliding mode 5 and the pseudo-sliding
 mode 2, 7, 911 theories, it does not define the neighborhood of the
sliding mode as strictly and more broadly describes the chattering behavior
Ž .of keeping the system state x k in the neighborhood of the switching
surface. It is worth noting that the weak pseudo sliding mode can only be
applied in the situation of discretizing the continuous-time system due to
the derivation, and the proof of the weak pseudo sliding mode is based on
the convergence of the original continuous-time system. Therefore, for the
discrete-time system defined originally, the weak pseudo sliding mode
cannot guarantee that the system is stable. In this paper, we propose a
discrete-time sliding mode control law to guarantee the existence of the
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weak pseudo sliding mode along the prescribed hyperplane. Meanwhile, an
upper bound of the sampling period which ensures the stability of this
discrete-time is also determined. Finally, some simulation results are given
to illustrate the performance of the proposed discrete-time sliding mode
control scheme.
2. DISCRETIZATION OF CONTINUOUS-TIME SYSTEMS
Consider a single input linear continuous-time system,
x t  Ax t  Bu t , 1Ž . Ž . Ž . Ž .˙
Ž . n Ž .where x t  R is the system state, u t is the system input,
0 1 0  0 0
0 0 1  0 0
. . . . . .. . . . . .A , B .. . . . . .
0 0 0  1 0
a a a  a1 2 3 n 1 n1nn
Ž .In the system 1 , it is assumed that:
Ž . Ž .a The system state x t is measurable.
Ž .b The system parameters a for i 1, 2, . . . , n are unknown buti
their upper bounds  , i 1, 2, . . . , n, and their lower bounds  , ii i
1, 2, . . . , n, are known; i.e.,  	 a 	  , i 1, 2, . . . , n.i i i
Ž .c Matrix A is a nonsingular matrix.
Matrix A can be decomposed into
0 1 0  0
0 0 1  0
. . . . .. . . . .A . . . . .
0 0 0  1
p p p  p1 2 3 n nn
0 0 0  0
0 0 0  0
. . . . .. . . . . . . . . .
0 0 0  0
q q q  q1 2 3 n nn
 PQ,
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where
     i i i i
p  a  , q  , for 1	 i	 n.i i i2 2
Defining
   n ni i
  4  , 1	 i	 n , m  max  , m  max q . 4i 1 i 2 i2 i1 i1
2Ž .
mn    In this paper, for a matrix M R , M m , the norm is M and1i j
 M are defined by
m n
       M  max m , M  max m .Ý Ý1 i j i j
1	j	n 1	i	mi1 j1
Hence, it follows that
n n
     4P 	 1 max p 	 1 max   1m 41 i i 1
i1 i1
n
   Q  max q m 41 i 2
i1
3Ž .
       A  PQ 	 P  Q  1m m .1 1 1 1 1 2
Ž . Ž .A sliding variable is defined as s t  cx t and it follows that the sliding
surface is represented in the form
s t  0, 4Ž . Ž .
 where c c c  c 1 is a constant vector and must be appropri-1 2 n1
Ž . Ž .ately chosen such that the system x t  x t is stable.˙
0 1 0  0
0 0 1  0
. . . . .. . . . . 5Ž .. . . . .
0 0 0  1
c c c  c1 2 3 n1 Ž . Ž .n1  n1
T x x x  x . 6Ž .1 2 n1
For the stable matrix , there exist positive constants d and d , such that1 2
 Ž . d 1 t  Ž ..exp t 	 d e . In the time interval hk, h k 1 a fixed control1 2
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Ž . Ž .input u k and a fixed system state x k are given. Then the following
Ž .discrete-time system is obtained from Eq. 1 .
x k 1  exp A h x k  exp A h  I A1 Bu k , 7 4Ž . Ž . Ž . Ž . Ž . Ž .
Ž .where h is the sampling period. Multiplying both sides of Eq. 7 by c, we
can obtain a difference equation of s,
s k 1  c exp A h x k  c exp A h  I A1 Bu k 4Ž . Ž . Ž . Ž . Ž .
 s k  c exp A h  I x k  c exp A h  I A1 Bu k . 4  4Ž . Ž . Ž . Ž . Ž .
8Ž .
Ž . Ž .LEMMA 1 Ogata, 1987 . The discrete-time system 7 obtained by dis-
Ž .cretizing the linear continuous-time system 1 is controllable if and only if
Ž . Ž .Im     2n	h, n1, 2, . . . . Wheneer Re     0, i j i j i
and  are the eigenalues of the state matrix A.j
Ž .LEMMA 2 Gantmacher, 1959 . For any matrix norm, the following
inequality is alid.
  H 	 H ,Ž .i
Ž .where  H is any eigenalue of the matrix H.i
ŽTHEOREM 1. Suppose the sampling period is chosen as h 	 1m1
. Ž .m ; then the discrete-time system 7 is controllable.2
Proof. From Lemma 2, if  and  are any two eigenvalues of matrixi j
A, we have
   Im  	  	 AŽ . 1i i
   Im  	  	 A .Ž . 1j j
Then, this yields that
 Im    	 Im   Im  	 2 A 	 2 1m m .Ž . Ž .Ž . Ž . 1i j i j 1 2
Ž .  Ž . As h 	 1m m , it is obtained that Im     2	h1 2 i j
2n	h.
Ž .Hence, it follows from Lemma 1 that the discrete-time system 7 is
controllable.
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3. DISCRETE-TIME SLIDING MODE CONTROL LAW
In this section, a discrete-time sliding control law with a weak pseudo
sliding mode will be derived.
There exists a value 
 , 0 
 1, such that
1 2 2exp A h  I A h A h exp A h
 . 9Ž . Ž . Ž .2
Ž .Therefore, Eq. 8 can be expressed as follows:
1 2s k 1  s k  cA h exp A h
 Ax k  Bu k 4Ž . Ž . Ž . Ž . Ž .2
 hc Ax k  Bu k 4Ž . Ž .
1 s k  hcA h exp A h
 Ax k  Bu k  x kŽ . Ž . Ž . Ž . Ž .Ž .2
 hcBu k .Ž .
Ž .In this paper, the discrete-time sliding mode control law u k is given in
the following form:
 u k  x k sgn s k ,  0.Ž . Ž . Ž .Ž .1
Since cB 1, this yields that
1s k 1  s k  hcA h exp A h
 Ax k  B x k sgn s kŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ž .12
x kŽ .
 h x k sgn s kŽ . Ž .Ž .1
 s k  h F x k , h G x k sgn s k , 10Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .1 1
where
1F x k , h  cA h exp A h
 Ax k  B x k sgn s kŽ . Ž . Ž . Ž . Ž .Ž . Ž .Ž .11 2
x kŽ . 11Ž .
G x k   x k .Ž . Ž .Ž . 11
Ž . ŽCOROLLARY 1. Suppose that the sampling period h	 ln W  1m1 1
. Ž . Ž .m for 0W  exp 	 . Then the discrete-time system 7 is control-2 1
 Ž .lable, and exp A h
 W for 0 
 1.1 1
Ž . Ž . Ž .Proof. Since h	 ln W  1m m  	 1m m , it is1 1 2 1 2
Ž .clear from Theorem 1 that the system 7 is controllable.
 exp A h
 	 exp h
 A 	 exp h
 1m m .Ž . Ž . Ž .Ž .11 1 2
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Ž . Ž .Because h	 ln W  1m m and 0 
 1, it is given that1 1 2
 Ž .exp A h
 W .1 1
Ž .COROLLARY 2. In the system 7 , there exists a discrete-time control law
Ž .  Ž . Ž Ž ..u k  x k sgn s k with1
1 c 1m m W h 1m m  1  Ž . Ž . 1 2 1 1 22
 , 0  1,1  1 W h c 1m mŽ .1 1 22
and
1W  exp 	 .Ž .1
Then this yields
F x k , h G x k   x k .Ž . Ž . Ž .Ž . Ž . 11 1
Ž .Proof. From Eq. 11 , it follows that
1 F x k , h  c 1m m W h 1m m    1Ž . Ž . Ž .Ž . 1 1 2 1 1 22
 x kŽ . 1
1  c 1m m W h 1m mŽ . 1 2 1 1 22 ž
1 c 1m m W h 1m m  1  Ž . Ž . 1 2 1 1 22 1 / 1 W h c 1m mŽ .1 1 22
1 x kŽ . 1
 c 1m m 1Ž . 1 2 W h 1m mŽ .1 1 21 ½ 1 W h c 1m m 2Ž .1 1 22
1 22 2   W h c 1m mŽ .1 1 24
1 22 2   W h c 1m mŽ .1 1 24
1
  W h c 1m m  1Ž .1 1 22
1
  W h c 1m mŽ .1 1 2 52
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1 c 1m m W h 1m m  1  Ž . Ž . 1 2 1 1 22 1  1 W h c 1m mŽ .1 1 22
1  W h c 1m m  Ž .1 1 22 1  1 W h c 1m mŽ .1 1 22
1 c 1m m W h 1m m  1  Ž . Ž . 1 2 1 1 22 1  1 W h c 1m mŽ .1 1 22
 x k   x kŽ . Ž .1 1
  x k   x kŽ . Ž .1 1
G x k   x k .Ž . Ž .Ž . 11
COROLLARY 3. Suppose h	 h andm1
ln W 3 2 W  1Ž .1 2
h min , , ,m1 ½  1m m 2W c 1m m W 1m mŽ . Ž .1 2 1 1 2 1 1 2

,1 5 2 W  W   c 1m mŽ .Ž . 2 1 1 24
   Ž . Ž .where   c 1m m , 0  1; 1W  exp 	 ;  0; and 1 2 1
W  1. Then we hae2

G x k 	 x k .Ž . Ž .Ž . 11 2h
Proof.
3 1
h  m1 1   2W c 1m m W c 1m mŽ . Ž . 1 1 2 1 1 22
1
  1 W h c 1m m  0. 12Ž . Ž .1 1 22
Hence,
1 c 1m m W h 1m m  1  Ž . Ž . 1 2 1 1 22
  0,1  1 W h c 1m mŽ .1 1 22
2 W  1 1Ž .2
h	  W h 1m m  1	W . 13Ž . Ž .1 1 2 2W 1m m 2Ž .1 1 2
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   Ž .Setting   c 1m m , it follows that 1 2

h	 1  2 W  W   c 1m mŽ .Ž . 2 1 1 24
 c 1m m W   Ž . 1 2 2 	 . 14Ž .1  1 W h c 1m m 2hŽ .1 1 22
Ž . Ž . Ž .Equations 12 , 13 , and 14 induce that 	 2h. Therefore, we have

G x k   x k 	 x k .Ž . Ž . Ž .Ž . 1 11 2h
Ž .  Ž . Ž Ž ..COROLLARY 4. Suppose u k  x k sgn s k and h	 h , with1 m1
1 c 1m m W h 1m m  1  Ž . Ž . 1 2 1 1 22
 ,1  1 W h c 1m mŽ .1 1 22
0  1, 1W  exp 	 ,Ž .1
and
ln W 3 2 W  1Ž .1 2
h min , , ,m1 ž  1m m 2W c 1m m W 1m mŽ . Ž .1 2 1 1 2 1 1 2

,1 / 2 W  W   c 1m mŽ .Ž . 2 1 1 24
with  0 and W  1. Then there exists an integer sequence k , i2 i
4  Ž .   Ž .1, 2, 3, . . . such that s k   x k and, for k  k k , such that1i i i i1
 Ž .   Ž .   Ž .  Ž .   Ž .s k 1  s k   x k and s k 
  x k . Or there exists a posi-1 1i
 Ž . tie integer K such that s k is monotonicaily decreasing for all k k .K
Proof. From Corollaries 2 and 3, it follows that
 
F x k , h  x k   x k  x k .Ž . Ž . Ž . Ž .Ž . 1 1 11 2h 2h
Ž Ž ..  Ž . Ž Ž ..  Ž Ž . . Since G x k  x k , this yields that G x k  F x k , h11 1 12h
  Ž . x k . Therefore, we have1h
G x k  F x k , h sgn s k 	G x k  F x k , hŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž . Ž .1 1 1 1

 x k . 15Ž . Ž .1h
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Ž Ž ..  Ž Ž . .   Ž .From Corollary 2, G x k  F x k , h   x k , it is given that11 1
G x k  F x k , h sgn s k 
G x k  F x k , hŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž . Ž . Ž .1 1 1 1
  x k . 16Ž . Ž .1
Ž . Ž .From Eqs. 15 and 16 , it can be obtained that
 h x k  h G x k  F x k , h sgn s k   x k . 17Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž . 11 1 1
Ž .From Eq. 10 , we have
s k 1  s k  h F x k , h G x k sgn s kŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .1 1
 s k  h F x k , h G x k sgn s kŽ . Ž . Ž . Ž . 4Ž . Ž . Ž .1 1
sgn s kŽ .Ž .
 s k  h G x k  F x k , h sgn s k . 18Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .1 1
 Ž .   Ž .Then, we analyze whether s k enters the neighborhood of x k , i.e.,1
 Ž . x k , or not. This behavior can be discussed in the following two cases.1
Case 1. There exists an infinite integer sequence k , i 1, 2, 3, . . .i
 Ž .   Ž .such that s k   x k .1i i
 4Case 2. There exists a finite integer sequence k , i 1, 2, 3, . . . , Ki
 Ž .   Ž .such that s k   x k , then there exists an integer K such that1i i
 Ž .   Ž .s k 
  x k for any k k .1i K
 Ž . For Case 1 it is assumed that s k has entered the neighborhoodi
Ž  Ž .   Ž . . Ž . Ž .defined at the instant k i.e., s k   x k . From 17 and 18 , it1i i i
 Ž .   Ž .  Ž .   Ž .can be seen that s k  1   x k . If s k  1   x k  1 , the1 1i i i i
 4instant k  1 satisfies the definition of the sequence k ; i.e., k  1i i i
 Ž .   Ž . Ž .k . If s k  1   x k  1 ; substituting k k  1 into 18 , from1i1 i i i
Ž .17 it can be obtained that
s k  2  s k  1Ž . Ž .i i
h G x k  1  F x k  1 , h sgn s k  1Ž . Ž . Ž .Ž . Ž . Ž .1 i 1 i i
 s k  1Ž .i
 h G x k  1  F x k  1 , h sgn s k  1Ž . Ž . Ž .Ž . Ž . Ž .1 i 1 i i
	 s k  1  h x k  1 . 19Ž . Ž . Ž .i i 1
 Ž .   Ž .   Ž .This implies that s k  2  s k  1   x k . As the condition1i i i
 Ž .   Ž .s k  2   x k  2 , it also means that k  2 k . As the con-1i i i i2
 Ž .   Ž . Ž .dition s k  2 
  x k  2 , similar to the 19 analysis, we can1i i
 Ž .   Ž .   Ž .obtain s k  3 	 s k  2  h x k  2 . Therefore, this yields1i i i
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 Ž .   Ž .   Ž .   Ž .that s k  3  s k  2  s k  1   x k . By mathematical1i i i i
 Ž .   Ž .  Ž . induction, for k  k k , we have s k 
  x k and s k 1 1i i1
 Ž .   Ž .s k   x k .1i
 Ž .   Ž .Consider Case 2. When k k , it has s k 
  x k . Hence1K i
s k 1  s k  h G x k  F x k , h sgn s kŽ . Ž . Ž . Ž . Ž .Ž Ž . Ž .Ž .1 1
 s k  h G x k  F x k ,h sgn s kŽ . Ž . Ž . Ž .Ž . Ž . Ž .Ž1 1
	 s k  h x k . 20Ž . Ž . Ž .1
 Ž . The above inequality indicates that s k is monotonically decreasing for
all k k .K
Ž . Ž .  Ž . From 19 and 20 , it is worth noting that the decreasing rate of s k is
determined by the value of , whose role, like the switching control gain in
the traditional sliding mode control, decides the rate at which the state
Ž .attains the sliding surface s t  0. Therefore, the value  is also thought
of as the switching control gain.
Ž .  Ž . Ž Ž ..COROLLARY 5. Suppose u k  x k sgn s k and h	 h , with1 m1
1 c 1m m W h 1m m  1  Ž . Ž . 1 2 1 1 22
 ,1  1 W h c 1m mŽ .1 1 22
0  1, 1W  exp 	 ,Ž .1
ln W 3 2 W  1Ž .1 2
h min , , ,m1 ½  1m m 2W c 1m m W 1m mŽ . Ž .1 2 1 1 2 1 1 2

,  0 and W  1. 21 5 2 W  W   c 1m mŽ .Ž . 2 1 1 24
 Ž .   Ž .Then, we hae s t   x k for hk 	 t hk .1i i i1
Ž .Proof. For k 	 k k  1 and hk	 t h k 1 , time t can bei i1
expressed as
t kh h , 0  1.
 .In the time interval hk, hk k , the solution of the differential equation
Ž .1 is obtained as follows:
x t  exp Akh x k  exp Akh  I A1 Bu k . 21 4Ž . Ž . Ž . Ž . Ž . Ž .
Ž .Multiplying both sides of Eq. 21 by c and then arranging, it is given that
s t  s k  h F x k , h G x k sgn s k . 22Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .1 1
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Ž .The above expression is made similar to Eq. 10 by changing h to h.
Since 0  1, as h	 h , this means that h	 h ; then we still havem1 m1
Ž .the following result, which is similar to one in Eq. 17 .
h x k  h G x k  F x k ,h sgn s k   x k .Ž . Ž . Ž . Ž . Ž .Ž . Ž . Ž .1 11 1
23Ž .
Ž .Following with 18 , it can be obtained that
s t  s k  h G x k  F x k , h sgn s kŽ . Ž . Ž . Ž . Ž .Ž . Ž . Ž .1 1
 s k  h G x k  F x k ,h sgn s kŽ . Ž . Ž . Ž .Ž . Ž . Ž .1 1
	 s k  h x kŽ . Ž . 1
	 s k .Ž .
 Ž .   Ž .From Corollary 4, it is clear that s t   x k for hk 	 t hk .1i i i1
Ž .THEOREM 2. For the linear system 1 , the sliding surface is defined as
Ž . Ž .  Ž ..s t  cx t  0. In each sampling interal hk, h k 1 , the following
control law is used.
u k  x k sgn s kŽ . Ž . Ž .Ž .1
with
1 c 1m m W h 1m m  1  Ž . Ž . 1 2 1 1 22
 ,1  1 W h c 1m mŽ .1 1 22
Ž .where 0  1, 1W  exp 	 ,  is the switching control gain, and the1
sampling period is h with with h	 h .m1
ln W 3 2 W  1Ž .1 2
h min , , ,m1 ½  1m m 2W c 1m m W 1m mŽ . Ž .1 2 1 1 2 1 1 2

,1 5 2 W  W   c 1m mŽ .Ž . 2 1 1 24
 Ž  Ž ..where W  1,    c 1m m , and  is the defined neighbor-2 1 2
Ž .hood of the weak pseudo sliding mode WPSM , which satisfies the condition
3d1
0 	   .m1  3d  4d 1 cŽ .1 2
Then, it can be ensured that the system state x in the linear continuous-time
Ž .system 1 can incur the weak pseudo sliding mode along the sliding surface
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Ž . Ž .s k  0 or that there exists a positie integer K such that s k is monotoni-
cally decreasing for all k k .K
 Ž .   Ž .Proof. From Corollary 5, we have s t   x k for hk 	 t hk ;1i i i1
namely, the system state x incurs the weak-pseudo-sliding mode along the
Ž .sliding surface s k  0. Or from Corollary 4, there exists a positive
Ž .integer K such that s k is monotonically decreasing for all k k .K
4. SIMULATION RESULTS
Consider the second order system
0 1 0x t  x t  u t ,Ž . Ž . Ž .˙ a a1 2 1
where a , a are system parameters and are bounded by1 2
 	 a 	  , i 1, 2,i i i
 0.5,   0.5,  3.5, and  2.5.1 1 2 2
The sliding surface is defined as cx x  x  0, and it implies that1 2
 c 1 1 and
x1x .x2
   Ž . tSince  1 , we have exp t 	 e ; i.e., d  1 and d  1.1 2
According to the proposed sliding mode control, the following values are
set in this simulation:
9 20 0.5, W  , W  , and   0.27.1 2 m18 19
Hence, the allowable sampling period is estimated as
 4h min 0.0262 0.2963 0.0208 0.0228  0.0208.m1
In this simulation, the simulation results are from two simulation cases:
 Ti. a 0.15, a 3, and x  0 2 ;1 2 0
 Tii. a  0.45, a 3.45, and x  1 1 .1 2 0
All of the simulation results can be seen in Figs. 16. In the simulation
results, this indicates that the proposed discrete-time sliding mode con-
troller has an invariance property to system parameter uncertainties.
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FIG. 1. The phase plane between x and x .1 2
4. CONCLUSIONS
In this paper, a discrete-time sliding mode control scheme in the weak
pseudo sliding mode is proposed for the single input linear system. The
proposed sliding mode scheme can ensure that the system state will incur
the weak pseudo sliding mode along the prescribed sliding surface and that
Ž .the function s k is monotonically decreasing. Meanwhile, the upper
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Ž .FIG. 2. The time response of sliding variable s t .
bound of the sampling period is also determined in order to ensure the
stability of the controlled system. To illustrate the performance of the
proposed discrete-time sliding mode control scheme, some simulation
results are given. From simulation results, it is shown that the proposed
control scheme has the property of invariance to system parameter uncer-
tainties. To extend this control algorithm to a multi-input system, the
stability analysis of the control scheme will need a big breakthrough.
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  Ž .FIG. 3. Norm x and control input U t .1
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FIG. 4. The phase plane between x and x .1 2
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Ž .FIG. 5. The time response of sliding variable s t .
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  Ž .FIG. 6. Norm x and control input u t .1
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Hence, developing the discrete-time sliding mode controller with a weak
pseudo sliding condition for multi-input multi-output systems with system
Žuncertainties system parameters, unmodelling errors, and external distur-
.bances is the worthwhile research topic of the present work.
NOTATION
 Ž .  Ž .s k absolute value of s k
 x vector 1-norm of x1
 c vector infinity-norm of c
 H induced matrix norm of H
 A induced matrix 1-norm of A1
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